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 .  .  .In this paper, a unique classical solution ¨ , u of the Cauchy problem 1 , 2 is
<  . < <  . < <  . <obtained if ¨ x F M, u x F M. The a priori estimates ¨ x, t ,1q a 2qa 1qa0 0
<  . <  .u x, t F M T are obtained by using the maximum principle without the2q a
  .  ..  .restriction lim ¨ x , u x s ¨ , u , where ¨ , u are constants. This< x < ª "` 0 0 " " " "
resolves a problem proposed by J. A. Smoller ``Shock Waves and Reaction-Diffu-
.sion Equations,'' p. 444, Springer-Verlag, New YorkrBerlin, 1982 for the vis-
 .  .coelastic system. A parallel result Theorem 8 for a model 42 of compressible
adiabatic flow through porous media with a physical viscosity is also obtained.
Q 1998 Academic Press
We consider the Cauchy problem for the viscoelastic system
¨ y u s 0t x
1 . u y f ¨ q ku s u , . xt x x
with initial data
¨ x , 0 , u x , 0 s ¨ x , u x . 2 .  .  .  .  . .  .0 0
 .The system 1 is derived from the theory of nonlinear elasticity, where
k G 0 denotes the friction coefficient. When k s 0, the existence of
 .solutions of the initial-boundary value problem for system 1 is extensively
w xstudied in 1, 3, 16 . Stability of the traveling waves has been considered
 . w xboth in the case requiring convexity of f ¨ 4, 7, 9, 18 and without this
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In this paper, we are interested in obtaining a global classical solution of
 .  .1 , 2 without the restriction that the initial data approach constants at
infinity. As far as we know, this is still an open problem since Smoller
w xproposed it in 17, p. 444 .
In this paper, our main theorem is the following.
 . <  . <THEOREM 1. I Let k s 0, f be a smooth function satisfying f 9 ¨ F
<  .  . < <  . < <  . <  .M, f 9 ¨ f ¨ F M , ¨ x F M, u x F M for a g 0, 1 . Then1qa 2qa1 0 0
 .  .the Cauchy problem 1 , 2 has a global classical solution.
 . <  . < <  . <  .II Let k ) 0. If ¨ x F M, u x F M for a g 0, 1 and1qa 2qa0 0
 .  .f 9 ¨ G 0, k ) max f 9 ¨ for two suitable constants c , c satisfy-¨ gw c , c x 1 21 2
 .  .  .  .ing c F ¨ x F c and f c F u q f ¨ F f c , then the Cauchy1 0 2 1 0, x 0 2
 .  .problem 1 , 2 has a global classical solution.
2 2’ .  .  .  w x.Remark 1. Let f ¨ s ln 1 q ¨ or f ¨ s ¨r 1 q ¨ see 12, 19 .
 .  .The conditions on f ¨ in I are satisfied.
 . yg  .  .Remark 2. Let f ¨ s y¨ for g ) 0. The conditions on f ¨ in I
 . w xare satisfied if ¨ satisfies the assumption ¨ G C T ) 0 as needed in 14 .
 .  .To get a global solution of 1 , 2 , two standard steps are the existence
 . <  . <  .of a local solution ¨ , u and the a priori estimates ¨ x, t F M T ,1qa
<  . <  .u x, t F M T for the local solution, where the definition of the2qa
< <  . w xnorms ? i s 1, 2 is standard 17, p. 435 . The following existenceiqa
w x w xresult for the local solution can be found in 2, 6, 13 or 17, p. 436 .
<  . < <  . <  .LEMMA 2. If ¨ x F M, u x F M for a g 0, 1 and f is1qa 2qa0 0
 .smooth, then there exists a smooth classical solution ¨ , u for the Cauchy
 .  . w xproblem 1 , 2 in some R s R = 0, t , which satisfies on Rt t
< < < <¨ x , t F 2 M , u x , t F 2 M . 3 .  .  .1qa 2qa
<  . <  . <  . <  .The estimates ¨ x, t F M T , u x, t F M T are given below1qa 2qa
 .in Lemmas 3, 4, 5 for k s 0 and Lemmas 6, 7 for k ) 0, where M T is a
positive constant depending only on a given time T.
<  . < <  .  . < < <LEMMA 3. Let k s 0. If f 9 ¨ F M, f 9 ¨ f ¨ F M , u F M,1 0, x
< <¨ F M, then0
< < < <u F M T , ¨ F M T . 4 .  .  .x
 .Proof of Lemma 3. From the second equation in 1 , we have
u s u q f ¨ . 5 .  . .t x x
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 .  .  .Let w s u q f ¨ . From 5 and the first equation in 1 , we get thex
equation
w y f 9 ¨ w q f 9 ¨ f ¨ s w . 6 .  .  .  .t x x
Using the transformation
w s z y M t e M t , 7 .  .1
we get
yM tz q M y f 9 ¨ z y M y M t M y f 9 ¨ q f 9 ¨ f ¨ s z , .  .  .  . .  .t 1 1 x x
8 .
and so
z q M y f 9 ¨ z G z 9 .  . .t x x
<  . < ` <  . < `from the conditions on f. Thus z G y z x s y w x G yM byL L0 0 2
 .applying the maximum principle to 9 . This gives a lower bound of w,
w G y M q M t e M t . 10 .  .2 1
Similarly
w F M q M t e M t 11 .  .2 1
by using the transformation
w s z q M t e M t . .1
 .From the second equation in 1 , we have
f ¨ y f 0 .  .
¨ y w q ¨ q f 0 s 0. 12 .  .t ¨ y 0
  .  ..  .   . .Since f ¨ y f 0 r ¨ y 0 is bounded indeed f 9 ¨ is bounded and
 .  .  .f 0 y w is bounded from the estimates 10 and 11 , we get
< <¨ F M T 13 .  .
 .  .  .  .immediately from 12 . From 10 , 11 , and 13 , we get
< <u F M T . 14 .  .x
So Lemma 3 is proved.
LEMMA 4. Let k s 0 and the conditions in Lemma 3 be satisfied. If
< < < <¨ F M, u F M, then0, x 0
< < < <¨ F M T , u F M T . 15 .  .  .x
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Proof. Let
< < < <y t s sup ¨ x , t , z t s sup u x , t . 16 .  .  .  .  .x x x
 .Substituting the first equation in 1 into the second one and integrating
the outcome, we have
t




y t F C q z t q M y x ds, 18 .  .  .  .H1
0
< <  .where C is a bound of ¨ y u . From 18 , we have1 0, x 0
tyM t yM te y s ds F e C q z t . 19 .  .  . .H 1 /0 t
So
t t tM t yM sy s ds F e e C q z s ds F C T q C T z s ds. .  .  .  .  . .H H H1 2 3
0 0 0
20 .
 .  .From 18 and 20 , we have
t
y t F C T q z t q C T z s ds. 21 .  .  .  .  .  .H4 5
0
Consider the Cauchy problem
u y f ¨ s u , . xt x x 22 . u x , 0 s u x . .  .0
<  . <  .  .Since f ¨ F My t , applying the maximum principle to 22 givesx
t




z t F M q M y s ds. 24 .  .  .H
0
 .  .Using 21 and 24 , we get
t
y t F C T q C T y s ds. 25 .  .  .  .  .H6 7
0
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Thus
y t F M T , 0 F t F T 26 .  .  .
 .by using Gronwall's inequality to 25 and
z t F M T , 0 F t F T 27 .  .  .
 .  .from 24 and 26 . Lemma 4 is proved.
LEMMA 5. Let k s 0. If the conditions in Lemmas 3, 4 are satisfied,
<  . < <  . <¨ x F M, u x F M, then1qa 2qa0 0
< < < <¨ x , t F M T , u x , t F M T . 28 .  .  .  .  .1qa 2qa
 .Proof. From 17 , we have
t
< < < <¨ ., t F C T q M ¨ ., s ds. 29 .  .  .  .a H ax 8 x
0
Thus
< <¨ ., t F M T . 30 .  .  .ax
 .  .Combining 26 and 30 , we have
< <¨ F M T . 31 .  .1qa
Expressing the solution u by using the Green function of the second
 . < <  . w xequation in 1 , we have from ¨ F M T and Itaya's estimates 6 that1qa
< <u F M T . 32 .  .2qa
So Lemma 5 is proved.
 .Therefore this establishes the conclusion I in Theorem 1.
 .Next we prove the conclusion II in Theorem 1.
 .  .LEMMA 6. If f 9 ¨ G 0, k ) max f 9 ¨ for two suitable constants¨ gwc , c x1 2
 .  .  .  .c , c satisfying c F ¨ x F c and f c F u q f ¨ F f c , then1 2 1 0 2 1 0, x 0 2
c F ¨ x , t F c , f c F u x , t q f ¨ x , t F f c . 33 .  .  .  .  .  . .1 2 1 x 2
 .Proof. From the second equation in 1 we have
u q ku y f ¨ y f c s u . 34 .  .  . .t 1 x xx
 .  .Let f s u q f ¨ y f c . Thenx 1
u q ku s f . 35 .t x
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 .Differentiating 35 with respect to x and substituting the first equation in
 .1 in the outcome, we obtain
f ¨ y f c .  .1
f q k y f 9 ¨ f q k y f 9 ¨ ¨ y c s f . 36 .  .  .  . .  .t 1 x x¨ y c1
 .From the first equation in 1 , we have
f ¨ y f c .  .1¨ y c y f q ¨ y c s 0. 37 .  .  .1 1t ¨ y c1
  .  ..  .  .Since f ¨ y f c r ¨ y c G 0 in view of the assumption f 9 ¨ G 01 1
 . and k y f 9 ¨ ) 0 when c - ¨ , using the maximum principle see Lemma1
w x.  .  .2.4 in 10 to 36 , 37 gives ¨ y c G 0 and f G 0. Similarly we can1
 .  .obtain ¨ y c F 0 and f s u q f ¨ y f c F 0. Lemma 6 is proved.2 x 2
<  . <LEMMA 7. If the conditions in Lemma 6 are satisfied and u x F M,0
< <¨ F M, then0, x
< < < <u F M , ¨ F M , 38 .1 x 1
for a suitable positi¨ e constant M .1
 .Proof. The first equation in 1 gives
¨ y u s 0. 39 .  .x x xt
 .  .The difference between 39 and the second equation in 1 gives
q q f 9 ¨ q y k y f 9 ¨ u s 0, 40 .  .  . .t
where q s ¨ y u.x
 .The second equation in 1 gives
u q k y f 9 ¨ u y f 9 ¨ q s u . 41 .  .  . .t x x
 w x.Using the maximum principle Lemma 2.4 in 10 again to the system of
 .  .Eqs. 40 , 41 gives the proof of Lemma 7.
< < < <The other estimates in ¨ , u can be obtained following the1qa 2qa
 .  .proof of the conclusion I , so the conclusion II is proved.
Without any new difficulty, we can extend the above method to the
following Cauchy problem for the system of compressible adiabatic flow
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through porous media with a physical viscosity,
¨ y u s 0¡ t x~u y f ¨ , s s e u . 42 .xt x x¢x s 0t
with initial data
¨ x , 0 , u x , 0 , s x , 0 s ¨ x , u x , s x , 43 .  .  .  .  .  .  . .  .0 0 0
where e is a constant. When e s 0, the classical smooth solution for the
 .  .Cauchy problem 42 , 43 with small initial data and a damping term
 .  . w xa u a ) 0 in the second equation in 42 was studied in 5 . Here we study
Smoller's problem for any fixed e ) 0.
Using the same method as for Theorem 1, we have the following
 .  .theorem for the Cauchy problem 42 , 43 .
 . <  . <THEOREM 8. If f ¨ , x is a smooth function satisfying f ¨ , s F M,¨
<  .  . < <  . < <  . < <  . <f ¨ , s f ¨ , s F M, ¨ x F M, u x F M, s x F M, for1qa 2qa 1qa¨ 0 0 0
 .  .a g 0, 1 , then there exists a smooth classical solution ¨ , u, s , for the
 .  .Cauchy problem 42 , 43 , satisfying
< < < < < <¨ F M T , u F M T , s F M , 0 F t F T . 44 .  .  .1qa 2qa 1qa
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